PERSPECTIVS  Revista de Andiisis de Economia, Comercio 'y Negocios Internacionales
Volumen 13 | No. 2 / Julio - Diciembre 2019 / 51 -69
ISSN 2007-2104

Cyclic Games

by

Luis Guillermo Quintas (*)

Abstract:
In this paper we consider Nash equilibria in Q-Cyclic n-person games.

This family of games was introduced by (Marchi and Quintas (1983)). It is a
subfamily of the Polymatrix Games (Yanovskaya (1968)). We analyze
properties of Q-Cyclic games. We review the conditions of uniqueness and we
present the construction of families of games with unique Nash equilibrium. We
also mention the relation of these games with a dynamic model for analyzing

corruption evolution (Accinelli, Martins, Oviedo, Pinto and Quintas (2017)).
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1.- Introduction

The concept of equilibrium studied by Nash (1950) is considered a
landmark in non-cooperative game theory. Mixed strategies are probability
distributions over the pure strategies of each player, and the utilities functions
are the corresponding expectations of the players. The set of Nash equilibria is
non empty for any finite game if mixed strategies are allowed (Nash (1950)).
This theorem of existence of Nash equilibrium was obtained by using Kakutani
fixed point theorem (Kakutani (1941)). Since this fundamental result which
deserved John Nash to obtain the Nobel Prize in 1994, several issues have
been studied on computation of equilibrium, on the analysis of structure of the
Nash equilibrium set, studies of multiplicity and uniqueness of equilibrium, etc.

Zero sum games are a subfamily of the n-person games where the sum
of all players’ utilities is zero®. Thus each player's gain or loss of utility is
balanced by the losses or gains of the utility of the other players. These games
have been widely studied, and for two-player finite zero sum games, Nash
equilibrium, minimax, and maximin concepts give all the same solution (Von
Neumann and Morgenstern (1947)).

Interchangeability of equilibrium strategies (Nash (1951)) states that the
players can choose strategies of any equilibrium and they will remain in
equilibrium. This property holds for two players zero sum games. It also holds
for two players strictly competitive games. In these games when a player
improves the utilities the other player has a reduction of the utility level.

Bimatrix games stand for general two players games. Nash equilibrium in
bimatrix games can be computed by using the Lemke—Howson algorithm
(1964). The Nash equilibrium set for these games is a finite union of products of
convex polytopes. The structure of the Nash equilibrium set in general n-person
games is more complex.

Q-cyclic n-person games (Marchi and Quintas (1983)) are n-person
games were the players play “pairwise” conforming a cycle of players. We will
analyze some properties of these games, about the Nash equilibrium set (which

! Any game where the sum is a constant c, can be transformed into a zero-sum game.
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results similar to the Bimatrix games) and the cases of uniqueness of Nash
equilibrium.

We also consider some studies presented by Quintas (1989) on
Polymatrix Games (Yanovskaya (1968)) and the studies of constructions of
games with equilibrium done by Alaniz and Quintas (2010) and Alaniz, Quintas
and Sevilla (2014).

Finally, we mention the relation of Cyclic games with a dynamic model for
analyzing corruption evolution (Accinelli, Martins, Oviedo, Pinto and Quintas
(2017)).

2.- Cyclic Games and Polymatrix Games
Here we give some definitions, notations, and we review some results which will

be used in this paper.

Definition 2.1 (Marchi - Quintas (1983)). Let I ={5,,5, ... ., AL A, ey A},
be a finite n-person Q-cyclic game in normal form, where X is the set of pure
strategies for player i. Let A; be the utility function of player i, with i=1,...n. The
definition of the function A\ is given by: A (0, ....., G, ......., 0, ) =B, (0,,04) With
oj €; where the function q is that: q(i) #i and |q'1(i) |= 1 were|.| stands

for the cardinality of respective set .

In this work we consider games where: q(i ) = i+1 mod. n, we take j=q(
i) and each player having m strategies, thus |3;| =m, for i=1,.....,n. This type of

games was denominated Purely Q-Cyclic Games in the article by Marchi and

Quintas (1983), and we will refer in this paper as Cyclic Games.

Definition 2.2: A mixed strategy for players i, is a probability distribution over
the set of pure strategies Z; ={61i,6i2. -------- ,-crim}. That is a vector

%, = (% (61, (0 Dorvers X, (011 ))= (X!, X0 X ) Where X! is the probability of

player i uses his strategies crti €2, with t=1,..m.
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Definition 2.3: Let ii be the set of mixed strategies for the player i .

~ t=m . .
> —{xi : ZXt' =1 con x;>0,t=1,2,.... ,m}

t=1

1=n -

+

we denote (x:,_m,xi): (x1 ....... y X1 X X g ey xn)

Definition 2.4 (Marchi - Quintas (1983)). The expected utility function E; for
each player i, in the Cyclic game is defined as follows:
E, (x)=F (x;,x,) where F; is the expected utility function of B;.

aix/x;  withi=1, 2,......,n

Thus, we have E;(x)= Fi(xi ,xj)

We will indistinctly denote it by: F, (r,xj )= F (er X ) where e; is a m-tuple with

one in the place r and zero in the other places.

Definition 2.5: (Nash (1950)). A n-uple x* :(x;,x; _______ x;)eﬁi, is a Nash

t=1
*

equilibrium if and only if Ej(X) = E;(Xn-g},X%;) for each x; e2;; and for

each i=1,. ,n.
We will use the following characterization on Nash Equilibrium:

Definition 2.6: The set of all the pure strategies that are best reply against

t=n -
X = (X, XX ) € [ [ 2t is defined  as follows:
t=1

JI (Xq(i)) = {o: eZi . Fi(oir,xJ)ZFi (o:,xqm) for each oti e 5, with t=12,..m }

We will use the following characterization of equilibrium points:
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Theorem 1: X = (X,,X; X ) € ﬁi, is a Nash equilibrium, if and only if,
i=1

S(Xi)gJi(Xq(i)), foreach i=1,2,....., n.

s(x,)={ o! €3, :x,>0with s=12,.,m }is the support of the mixed

strategy Xi.
i=n .

Definition 2.7: X=(X1,X2, ...... Xn)eHZi is completely mixed if S(x)=2; for
i=1

each i =1,2,...., n. In this case we say that each player has all the strategies

active.

t=1

Va,......, Vo ., are expected values associated to x" = (xl,x;, ...... x;)e P

where v; = Ei(x') for i=1,2,....,n

Definition 2.9 A Polymatrix game (Yanovskaya (1968)) is a n-person non
cooperative normal form game I'={Zl,22, ..... V2 ALA ,An}. If player i
chooses strategy o; €Z; , and player j chooses strategy o; € ); it is possible
to assign a partial payoff a"f(crl-,crj) such that for any choice of pure strategies
(04, ..., 0,) by the n players, the payoff to player i is given by:

Ai(oy, ., 0) = Zj;tiaij (O-ivo-j)

3.- Uniqueness of Nash equilibrium in Cyclic games

The theorem of existence of Nash equilibrium proved by Nash (1950), opened
several research lines focusing on the important problem to decide which
equilibrium is taken as a solution of the game. Thus, it appeared refinements of
the Nash equilibrium in order to reduce the multiplicity of equilibria and studies

of uniqueness.
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If the players cannot communicate, each one might choose an
equilibrium strategy and the resulting play might not be an equilibrium? Even if
they can communicate, it still remains a serious problem because the utilities
can be quite different from one equilibrium point to another. This problem does
not arise if the equilibrium is unique

Many studies have been done on uniqueness of Nash equilibrium points.
On one hand it was studied sufficient conditions to guarantee uniqueness®. it
has been also studied under what conditions it is possible to construct games
with predetermined unique equilibrium predetermined. Constructions of games
with prefixed unique equilibrium have been done for bimatrix games by
Raghavan (1970). He proved that, if the equilibrium points of a game are
completely mixed then the matrix of each player is square and the equilibrium is
unique. Millham (1972) proved that a necessary and sufficient condition for the
existence of a game with unique prefixed equilibrium points is that the
equilibrium be completely mixed. Kreps (1974) gave uniqueness conditions
when the equilibrium point is not completely mixed. Heuer (1979), extended and
complemented these results and obtained the uniqueness of the equilibrium
point within the class of mixed strategies whose non zero components are the
same for all the players. Quintas (1988 a) b)) extended this result constructing a
wide family of bimatrix games with unique equilibrium point. Marchi and Quintas
(1987) also studied games with prefixed values and unique equilibrium points.
Quintas, Marchi, Giunta and Alaniz (1991) extended this construction for other
families of games with unique equilibrium points.

We will present a general form of n-person g-cyclic games with prefixed
equilibrium points on the mixed extension. We will construct the payoff matrices
A with i=1,2,...,n for each player i, and we will study under what conditions on

the expected utility function E; there is a unique equilibrium.

Let us consider an arbitrary point, x = (X,,X, ... X ;) e [ [Z

| AT A — ,xn)=((x11,x;, ........ , x;)(xfxg ........ , xfn) ................ (xl",x;, ........ , x:,)) with

2 This problem does not appear in two person zero sum games because for this type of games the
equilibrium could not be unique, but the equilibrium strategies are interchangeable and the equilibrium
payoff is unique

% There is also a vast bibliography on refinements of the Nash Equilibrium. Some refinements reduce the
multiplicity of equilibrium.
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S X =1 foreach i=1,2,....,n, x‘i >0 foreach t=1,2,...mand i=1,2,....,n
t=1
Thus, [S(x;)=m fori=12,..n.
We choose arbitrary non zero values v; with i=1,....... ,n. They will be the
expected payoffs of the game
The construction extends that presented for bimatrix games by Quintas

(1988 a)). It consists in giving conditions in order that the region of the simplex

2; limited for a: predetermined vertex, the above prefixed point x and some

points chosen on the faces of the simplex, have a unique maximizing

hyperplane.
Thus, we take into consideration the prefixed point

X = (xj X3 yeeeenX r‘n)e 2; and the simplex’s vertexes es , having one in the place

s and zero in the other places.

We choose s points having the following form:

s -l - -i -i
X = (%, Xgeeeeers X 150, Xg g 50 X ) With $=1,2,.....m

The point x; is on a face of simplex 2, and we obtain it by

extending the segment between es and x;, until it reaches the opposite face to

the corresponding vertex.

This is made in order to obtain a polyhedral partition of the simplex X;,

= -s
having as extreme points: the m vertices of simplex 2;, the m points X; and

the prefixed point x; . (Marchi and Quintas (1987) studied characterizations of
these points on some n-person games).

The geometric idea laying behind the construction of the payoff matrixes
consists in analyzing which is the “maximizing hyperplane” in each subset of the

simplex partition. We want to have a unique “maximizing hyperplane” in each

region (see figure when ‘Zj ‘ =3)
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Xj

Vi +E 5
S

In order to obtain il we use the following equation:

e +AS(XJ' _es):;(si

As the s-th component of ii is cero, then we have: 1+ Aq (XSJ —1)

=0
s | X0 for each
Thus A®= >0, and it follows that: x, ={7_,j ~ = o' ®a¢ t#s
1-x! Xy
0 foreach t=s
Thus: ;, = X L X1 0 Xa Xn
1-x"1—x]""1-xI T L x! T 1=

As 1-x! :th‘ we have:

t#s

- iyl i i i
xj—i(xl,xz, ...... y Xe_1,0,X , X

Sl rreee

t#s
For each vertex e, e 2; and for each xj e i,- , by definition 6 we obtain:
|:m . .
Rlrx )= al xj = A x!,
1=1

where A’ is the r-th row of the matrix A; of player i and X} is the transposed
of Xj.
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On the hyperplane F, (f, X, ) we require the following properties:

= It should take the value vi on X; :(xl‘xg ...... er)e 3, .That is:

I=m L .
Flrx, )= al x/ = A x| =v,
1=1

&, >0 . Namely:

—s I=m . X
— Uyl — !
Fl(r,xj)_ a; X =V, +¢€
1=1
l#s

1 ' .
Then — > a) =V, +¢£,
1-x! g‘ ! s

l#s

Now we introduce a bijective function in order to complete the definition

of player i payoff matrix.
fi:2;, >Z%, f,(s)=r suchthat F(r,Xx;)=V,

(where r is the index of the corresponding maximizing hyperplane)

This implies that:

F(r,s)=al > al =F(t,;s) foreach teX,

Thus we have: F(1,S)=a!, and by Theorem 1, we obtain: J,(e,)= 1))

In this way in each vertex of ij there is a unique maximizing hyperplane and f;

distributes the different hyperplanes on the different vertices.

We also prescribe that each t, such as fj(t)=r, the fj(t)-hyperplane,
"passes underneath” the f;(s)-hyiperplane at each point isj . Moreover we ask it

takes the valuesV; + e; .

Thus, for each r = fj(t).
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l=m
zarl XI_ Zarlllxljzvi*'gé
1-x! &
l#s
>
Z & o X = Zaf,‘ o)
5 =
l#s
Thus for r=1,2,...,m in the point x, = (xl",xzj, ........ , xjn) we prescribe that all

the hyperplanes take the same value v;. This is, for r=1,2,...,n,

l=m

iy _
Zadxl =V,

=1

And for each t such that f;(t) = r
I x KZa” Xi j—aﬂ{xg}_vi +g

Then, we have the following system:

l=m
Uyl —
zarlxl = Vi

y I:1Vt f.(t)=q

Kza”x j—aﬂ{xﬂ}:vi vl

Solving it, we have:

xT 2 € (1 x) para fi(s)=r
s t)#s

v, — (1 x)a paraf;(s)=r

Remark 1:
e As 0<x}<1 the coefficients are well defined.

e Asfi(s)=r,then al >v,.
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e As fi(s) =r; then al <v,.

These two inequalities agree with the geometric idea leading the whole
construction.

e The payoff matrix A is non singular, its determinant is:

det(Ai):[SZn*:(l_XL) EéJnl Vi

s=1

s=m

And as ¢, are arbitrary positives numbers, Z(l— X'S) E; >0 . Furthermore ,
s=1

v; is not null, then det(Ai )i 0.

4.- Existence and Uniqueness of Nash Equilibrium

In this section we present the construction presented by Alaniz S. and Quintas

i=n .

L. G. (2010). We check here that the pointx = (X,,X, ....x,)e [ [Zi , with
i=1

ij >0 for s=1,..., m, is a Nash Equilibrium. It is so, because it fulfills the

inclusions given, in Theorem 1:

As all the hyperplanes of player i take the same value v;in the point x; ,
l=m

and taking into account that Zahjxﬂ =Vi;then J,(x,)={L,2,..c., n}=S(x,).
=

Thus, the construction presented in the previous section guarantees the
existence of a completely mixed Nash Equilibrium (X1, Xa,....... , Xp) fora Q-

cyclic game 7" with payoff matrix A; for player i.

Theorem 2: Given
1

(A — )= (06 s X5 ), (2 X2 s X2 D e (PR — | with

x, =1 for each i=1,2,...,n with x{ >0 for each t=1,2,...,m and for each



62 |PERSPECTIVAS. Revista de Andlisis de Economia, Comercio y Negocios Internacionales | Volumen 13 | No. 2/ Julio - Dicientbre 2019

i=1,2,.....,n; and values nonzero Vi, Vz,...,Vn. given the functions f;; : 2, - 2%, ,
with j= i+1 mod. n with positives humbers e‘s i=1, 2, ,....,n: There exists a Q-

cyclic game 7" having (X1, X2,....... , Xn) as a completely mixed Nash Equilibrium

with payoff values vy, va,...,Vn

We will prove that the family of games we constructed in the previous

t=n

section has (X, X, )e [ [ 22 as unique Nash Equilibrium.
t=1

Given the payoff matrices A, Ag,....... JAn for the
corresponding players, we choose functions f; and @ fulfilling that for each
(r Y r”)erij:

If CDiji(r'):r" then (Dofji(r“)¢r' (1)

with @:2; — % resulting of the compositions of functions of the type fi-

Remark 2:

= These conditions are similar to that given for Bimatrix games by Quintas
(1988 b),

= In a 3-person game, player 1 plays with player 2, and condition (1) takes the

form:

Foreach (i, j')es,xs,:
it @of,(j')=]" then ®of,(j'")=]'

In this case @ = f,, of ;.

= The functions f;(r)=r and ®(r)=r—1 mod.m fulfill condition (1).

Moreover, if we choose positive number & we have that:

S a-xik >0 @

This implies that the payoff matrix of each player i is non singular.

We will use the following notation:
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L] (xj)t is the transposed vector of X;.

=V =(V, Vi v,)"is a (mx1) matrix with v in all entries.

>

iJ is the j-th row of player i payoff matrix

Theorem 3:

Given a Q-cyclic game 7" constructed as in Theorem 2, having (X1, X2,....... , Xn)
as a completely mixed Nash Equilibrium, with non zero values vi, Va,...,Vn |
and given functions fj fulfilling condition (1) and given positive numbers ¢; with
i=1, 2, ,....,n fulfilling condition (2) , then, (X1, Xz,....... , Xn) is the unique Nash

Equilibrium of the game I

Proof:
In order to prove the uniqueness, we assume that there exists another
Nash equilibrium (y1,y2,....... ,¥n) with values u; , thus we have the expected
utilities Ei(y1,Y2,-.....- yn) = u; for i=1,2,...n.
We will consider the following cases:
o Case 1l: (Y1,Y2,eeeen ,¥n) is completely mixed

As it is a Nash equilibrium it fulfills the systems:
Ai(xj)t:Vi Ai(yj)t:Ui
Multiplying each equation of system a) by u; , and multiplying each equation of

system b) v; and subtracting one system from the other we obtain:
Ai(Ui X; —viy,-)‘= O being 0 the (mx1)-order null matrix.
The matrices A; are non singular, because vi= 0 and EL fulfills condition (2).

Thus the lineal homogeneous systems Ai(ui xj—viyj)‘:O has unique

solution, namely the trivial. U; X; — VY, =0, It implies that, U; XJ =v,y!

with s=1,2,....... m.

s=m s=m
Summing up over s we obtain: ZulxsJ = ZvlysJ
s=1 s=1
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As x; and y; are  probability vectors, then u; = v; , therefore:

Ai(xj)‘: Ai(yj)t thus Ai(xj —yj)' =0 and as A is non singular then the
system has unique solution X; =Y ,;=0, and thus X; =Y, for each i=1,2,.....,n
e Case 2: The point (Y1, Y2,----... , Yn) fulfills that:

S(y,)=S(x,) withi e {1,2,....... ,n}, excepting for some je {1,2,......,n}, such
that
sly;)eslx;) with ji

We assume that Y =(yf,y£, ------ RV ,yin.l,O) and fji(k)=k
Let ke S(x)-sly;),

Al ) v, Tyt 3 Sy
SESyJ) :

sesly;) Xs

Let reS( )

G0y ) = i gé(l_xis) A <RI
Ai (yJ) ViSEg;/J))/S Seé;’l) X; ys ’ er ;85 (1 XS)
Subtracting Afji(r)(yj)t y 'Aﬁfji(k)(yj)t we obtain:

. 5(1 ) [ j_ fis(l—xis) j]
VISE%) 35%) S r Szlg(l ) SE%?’)S &%1) Xls Yo
That is:

i) js=m )

) ) St oty Y S )

s=m _
We have: zgls(l_xsl)>0 y reS(yj)
s=1

Af“(r)( )‘ Ai” ( )t>0 implies that fji(k)g‘]i(yj).

Thus (Y1, Y2,eeeeee , Yn) is an Equilibrium point, because : S(yi)gJi()Lj)

(Theorem 1) , then fji(k)eé S( i), and in consequence yfi" ) =0 ., but that is

impossible because by hypothesis, we had that S(y;)=S(x;), and thus (X,
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X2yeeeinne , Xn) is a point completely mixed Equilibrium, which implies that

‘S(yi )‘ :‘S(Xi )1 =m,
In consequence, Sly,)=S(x,) for all j=1,2,...., n and then by case 1,

X; =Y, therefore (xi, Xa,....... , Xn) IS unique equilibrium.

e Case 3: The point (y1, Y2,........ , yn) fulfills that:

S(x,)cS(y,) for all i=1,2,.,n
Letk € S(x,)-S(y,). In this case, we suppose k =m fy(n_1)(k)=k
In case 2, we obtained yfr:‘(fnl,l)(k) =0, thus yr?{l =

Letj € S(Xn.1)=S¥n.1), by hypothesis we had S(Yn.1)< S(X.1), in this case
j = m satisfies that condition.

Let fnayn2)(i)=i+1 mod.m,

n-2f ,n-1
Al ) = V-2 ;y;"l— > wys“

seS yn_l') $eS(Yn.1) Ys
Let eS(y'),
n-1)(n-2)(r) t n-1 52-2 _Xg_ ) nls o n-2 n-1
A2y ¥y yoto s s Jy & (1x )
2 n-1 n Zses(zywj ses%‘:i) XQ 1 :1 ;

By subtracting Arfff';)(nfz)(r)(Yn-l) from An“ n-2) )(yn 1) we obtain, as
in the previous case that: Af}["zl)("’z)(r)(yn.l)t > Ar:‘“ 2l )(yn 1) , then
f(n—l)(n—Z)(j)e Jn-2 (yn—l).

As we have that (Y1, Y2,.eee... , ¥Yn) is an equilibrium S(Yn-z)EJn-z(Yn—l)
(Theorem 1), then f(n,l)(n,z)(j)eS(yn.z), and in consequence

yf(nlnz)() 0, thatis y1' 2 =

Letie S(x;)-S(y;), and we consider f1n(i) =i
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Working as in the previous cases we obtain that fin (i ) & ‘]n(yl) .

Again as (Y1, Y2,.eeee.. ,yn) is an equilibrium S(y,)< J,(y1) (Theorem 1) , then

f,()2S(y,), and in consequence: ¥i. () =0, thatisis y; =0.

Now by choosing ke S(Xn)—S( n), such that:
L(k) =fin (le((p(fn(n-l)(k)») € S(yn) ,
The existence of such k, is guarantied by (1).
For k=m, L(m)=1
Ay, f=v, Syio ¥ @yi
sesly))  ses(y)  Xs
and for each r such that h(f)=f21(¢(fn(n-1)(r)»€S(yl), in consequence,
o(r)=1

n _ =M
ASy, ) = v, YyE- 85(1 : ) vien Z‘Q(l_xé)i
seS(y;) :iﬁgy) 2) s#h(r)

Subtracting Ar',‘(r)(yl )t from A,%(k)(yl)', we obtain:

AL (y1 ) — AL (yy ) fy““)zs @—x2)

h(r) s=1
This is positive because h(r)eS(y; ) and ngﬁ—xi) >0
s=1
Thus, ARy, ) > AW, ) (3
However, k is such that L(k)eS(yl), and as (Y1, Y2,eenn. ., Yn) is an

Equilibrium, then S(yn)c Jn(yl)(Theorem 1), we have
Arl?(r)()h)t < Arl?(k)(h)t )

1
But the inequalities (3) and (4) are incompatible, unless  Yh(r) = 0.
If this occurs the vector y; is the null, and this is a contradiction, then it doesn’t

exist other equilibria of the game TI. It completes the proof =
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Alaniz, Quintas and Sevilla (2014) presented another family of Q-Cyclic
games with unique Nash equilibrium. The corresponding payoff matrices are the

following:
(m-1) & X
Vi+g———= 2(m=1)+ >~k | para f(s)=r
m ks=1 g
iji _ ks
a. = Kk=r

(m-1) 2x)  &xl &)
—g 2| -(M=-2)+ =+ > == 3 22 | paraf(s) =T
I I m er S#r er I#s X|J !

s#p I=p

\%

These constructions extend to n-person games the studied done for
bimatrix games. We might have expected that the procedure used here could
also serve to generate games with unique equilibrium in Polymaric Games,
however the technique we used didn’t provide unique equilibrium in Polymaric

Games and it would require the use of a different technique.

5.- Cyclic games and a model for the control of
corruption evolution.

A dynamic model for analyzing corruption evolution was recently presented by
Accinelli, Martins, Oviedo, Pinto and Quintas (2017). The aim of that article was
to analyze the evolution of the corruption focusing in how to control the central
authority (“the controller”) to deter the expansion of the corruption. This role
played by citizens is crucial and it is found that politically active citizens can
prevent the spread of corruption. It is considered a game between government
and the officials where both can choose between a corrupt or honest behavior.
Citizens have a political influence that results in the prospects of a corrupt or
non corrupt government can be reelected or not. It is modeled by mean of an
index of intolerance to corruption. The evolutionary version of the game is given

by means of the replicator dynamics.
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The whole game can be viewed as a 3 person Cyclic game: the
government plays a game with the officials designed to fulfill a public function.
Both, the government and the officials can act in an honest or dishonest way.
The officials play themselves a game with the citizens, having the possibility to
ask and receive bribes from the citizens. The cycle is closed by the interaction
between the government and citizens who can be more or less sensible to the
corruption, and can decide to punish the governments by not reelecting them.

This model can be generalized to an n-person Cyclic game by mean of a
top to bottom chain of two person games played by the government and the
main official, this with the second level official, and so on with the lower levels
officials. The cycle is closed again by the 2-person game played by the citizens

and the government.
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