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Abstract:  

In this paper we consider Nash equilibria in Q-Cyclic n-person games. 

This family of games was introduced by (Marchi and Quintas (1983)). It is a 

subfamily of the Polymatrix Games (Yanovskaya (1968)). We analyze 

properties of Q-Cyclic games. We review the conditions of uniqueness and we 

present the construction of families of games with unique Nash equilibrium. We 

also mention the relation of these games with a dynamic model for analyzing 

corruption evolution (Accinelli, Martins, Oviedo, Pinto and Quintas (2017)). 
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1.- Introduction 
 The concept of equilibrium studied by Nash (1950) is considered a 

landmark in non-cooperative game theory. Mixed strategies are probability 

distributions over the pure strategies of each player, and the utilities functions 

are the corresponding expectations of the players. The set of Nash equilibria is 

non empty for any finite game if mixed strategies are allowed (Nash (1950)). 

This theorem of existence of Nash equilibrium was obtained by using Kakutani 

fixed point theorem (Kakutani (1941)). Since this fundamental result which 

deserved John Nash to obtain the Nobel Prize in 1994, several issues have 

been studied on computation of equilibrium, on the analysis of  structure of the 

Nash equilibrium set, studies of multiplicity and  uniqueness of equilibrium, etc. 

 Zero sum games are a subfamily of the n-person games where the sum 

of all players’ utilities is zero1. Thus each player´s gain or loss of utility is 

balanced by the losses or gains of the utility of the other players. These games 

have been widely studied, and for two-player finite zero sum games, Nash 

equilibrium, minimax, and maximin concepts give all the same solution (Von 

Neumann and Morgenstern (1947)).  

Interchangeability of equilibrium strategies (Nash (1951)) states that the 

players can choose strategies of any equilibrium and they will remain in 

equilibrium. This property holds for two players zero sum games. It also holds 

for two players strictly competitive games. In these games when a player 

improves the utilities the other player has a reduction of the utility level. 

Bimatrix games stand for general two players games. Nash equilibrium in 

bimatrix games can be computed by using the Lemke–Howson algorithm 

(1964). The Nash equilibrium set for these games is a finite union of products of 

convex polytopes. The structure of the Nash equilibrium set in general n-person 

games is more complex. 

Q-cyclic n-person games (Marchi and Quintas (1983)) are n-person 

games were the players play “pairwise” conforming a cycle of players. We will 

analyze some properties of these games, about the Nash equilibrium set (which 

                                                           
1 Any game where the sum is a constant c, can be transformed into a zero-sum game. 
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results similar to the Bimatrix games) and the cases of uniqueness of Nash 

equilibrium. 

We also consider some studies presented by Quintas (1989) on 

Polymatrix Games (Yanovskaya (1968)) and the studies of constructions of 

games with equilibrium done by Alaniz and Quintas (2010) and Alaniz,  Quintas 

and Sevilla (2014). 

Finally, we mention the relation of Cyclic games with a dynamic model for 

analyzing corruption evolution (Accinelli, Martins, Oviedo, Pinto and Quintas 

(2017)). 

 

2.- Cyclic Games and Polymatrix Games 
Here we give some definitions, notations, and we review some results which will 

be used in this paper. 

 

Definition 2.1 (Marchi - Quintas (1983)). Let n21n21 A,.......,A,A,Σ,.....,Σ,ΣΓ , 

be a finite n-person Q-cyclic game in normal form, where i  is the set of pure 

strategies for player i. Let Ai be the utility function of player i, with i=1,...n.  The 

definition of the function Ai is given by:  iqiini1i σ,σBσ,.......,σ,.....,σA  with   

ii   where the function q  is that: q(i)  i    and q-1(i ) = 1 were .  stands 

for the cardinality of respective set . 

 

In this work we consider games where: q(i ) = i+1  mod. n , we take  j = q( 

i ) and each player having m strategies, thus mΣ i ,  for i=1,.....,n. This type of 

games was denominated Purely Q-Cyclic Games in the article by Marchi and 

Quintas (1983), and we will refer in this paper as Cyclic Games.  

 
Definition 2.2: A mixed strategy for players i, is a probability distribution over 

the set of pure strategies i
m

ii
i ,,........., 21 .  That is a vector  : 

i
m

i
2

i
1

i
mσi

i
2σi

i
1σii ,......xx,xx,.......,x),(xx   where i

tx  is the  probability of 

player i uses his strategies i
i
tσ Σ   with  t = 1,.....,m. 
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Definition 2.3: Let i be the set of mixed strategies for the player i . 

m1,2,.....,t 0,x   con   1x:x i
t

mt

1t

i
tii  

ni

1i
in21 ,......xx,xx   is a n-tuple of mixed strategies for the n players  and 

we denote n
*

1ii
*

1-i
*
1i-N x,....,x ,x ,x,.......,xx ix,*  

 
Definition 2.4 (Marchi - Quintas  (1983)). The expected utility function Ei  for 

each player  i, in the Cyclic game is defined as follows:   

q(i)iii x,xFxE   where Fi  is the expected utility  function of Bi . 

Thus, we have i
t

j
l

ml

1l

mt

1t

ij
tljiii xxax,xFxE      with i=1, 2,......,n 

 

We will indistinctly denote it by: jriji x,eFxr,F , where  er  is a m-tuple with 

one in the place r and zero in the other places.  

 

Definition 2.5: (Nash (1950)).  A  n-uple 
nt

1t

*
n

*
2

*
1

* ,......xx,xx t  is a Nash 

equilibrium if and only if  )()( i{i}N
*

i

*

i x,xExE         for each  x i
 

i ;  and for 

each i=1,. ,n. 

 

We will use the following characterization on Nash Equilibrium:  

 
Definition 2.6: The set of all the pure strategies that are best reply against 

nt

1t
tn21 ,......xx,xx , is defined  as follows:  

     )(  )(:Σx iq(i)j Σ
i
tσ x ,

i
tσix  ,

i
rσii

i
rσq(i) FFiJ m1,2,...., with  t)( each  for   

 

We will use the following characterization of equilibrium points:  
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Theorem 1: 
ni

1i
in21 ,......xx,xx  is a  Nash equilibrium, if and only if, 

q(i)ii xJxS ,  for each  i = 1,2,....., n. 

 m1,2,...,s   0  x :Σσ  xS i
sj

i
si with  is the support  of the mixed  

strategy  xi. 

Definition 2.7: 
ni

1i
in21 ,......xx,xx   is completely mixed if  jj Σ)S ( x  for 

each i = 1,2,....., n. In this case we say that each player has all the strategies 

active. 

 

Definition 2.8: Let 
nt

1t
t

*
n

*
2

*
1

* ,......xx,xx  be a Nash Equilibrium of . v1, 

v2,......,  vn ., are expected values associated to 
nt

1t
t

*
n

*
2

*
1

* ,......xx,xx  

 where  vi = Ei(x* ) for i=1,2,....,n 

 
Definition 2.9 A Polymatrix game (Yanovskaya (1968)) is a n-person non 

cooperative normal form game n21n21 A,.......,A,A,Σ,.....,Σ,ΣΓ . If player i 

chooses strategy ii   , and player j chooses strategy  it is possible 

to assign a partial payoff  such that for any choice of pure strategies 

 by the n players, the payoff to player i is given by: 

    

 

3.- Uniqueness of Nash equilibrium in Cyclic games 
The theorem of existence of Nash equilibrium proved by Nash (1950), opened 

several research lines focusing on the important problem to decide which 

equilibrium is taken as a solution of the game. Thus, it appeared refinements of 

the Nash equilibrium in order to reduce the multiplicity of equilibria and studies 

of uniqueness.  
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If the players cannot communicate, each one might choose an 

equilibrium strategy and the resulting play might not be an equilibrium2. Even if 

they can communicate, it still remains a serious problem because the utilities 

can be quite different from one equilibrium point to another. This problem does 

not arise if the equilibrium is unique 

Many studies have been done on uniqueness of Nash equilibrium points. 

On one hand it was studied sufficient conditions to guarantee uniqueness3. it 

has been also studied under what conditions it is possible to construct games 

with predetermined unique equilibrium predetermined. Constructions of games 

with prefixed unique equilibrium have been done for bimatrix games by 

Raghavan (1970). He proved that, if the equilibrium points of a game are 

completely mixed then the matrix of each player is square and the equilibrium is 

unique. Millham (1972) proved that a necessary and sufficient condition for the 

existence of a game with unique prefixed equilibrium points is that the 

equilibrium be completely mixed. Kreps (1974) gave uniqueness conditions 

when the equilibrium point is not completely mixed. Heuer (1979), extended and 

complemented these results and obtained the uniqueness of the equilibrium 

point within the class of mixed strategies whose non zero components are the 

same for all the players. Quintas (1988 a) b)) extended this result constructing a 

wide family of bimatrix games with unique equilibrium point. Marchi and Quintas 

(1987) also studied games with prefixed values and unique equilibrium points. 

Quintas, Marchi, Giunta and Alaniz (1991) extended this construction for other 

families of games with unique equilibrium points. 

 We will present a general form of n-person q-cyclic games with prefixed 

equilibrium points on the mixed extension.  We will construct the payoff matrices 

Ai  with  i=1,2,...,n for each player i, and we will study under what conditions on 

the expected utility function Ei  there is a unique equilibrium. 

   Let us consider an arbitrary point, 
ni

1i
in21 ,......xx,xx  

It is n
m

n
2

n
1

2
m

2
2

2
1

1
m

1
2

1
1n21 x,........,x,x.......,.........x,........,x,x , x,........,x,xx,,.........x ,x  with   

                                                           
2 This problem does not appear in two person zero sum games because for this type of games the 
equilibrium could not be unique, but the equilibrium strategies are interchangeable and the equilibrium 
payoff is unique 
 
3 There is also a vast bibliography on refinements of the Nash Equilibrium. Some refinements reduce the 
multiplicity of equilibrium.  
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1x
mt

1t

i
t  for each   i=1,2,....,n , 0xi

t  for each  t=1,2,....,m and   i=1,2,.....,n 

Thus,   ixS = m   for i=1,2,....n.  

 We choose arbitrary non zero values v 
i  with  i=1,.......,n. They will be the 

expected payoffs of the game   

  The construction extends that presented for bimatrix games by Quintas 

(1988 a)). It consists in giving conditions in order that the region of the simplex 

j  limited for a: predetermined vertex, the above prefixed point x and some 

points chosen on the faces of the simplex, have a unique maximizing 

hyperplane. 

Thus, we take into consideration the prefixed point  

j
j
m

j
2

j
1j Σ,......xx,xx  and the simplex´s vertexes es , having  one in the place  

s and zero in the other places. 

 

  We choose s points having the following form:   

)(
j

m

j

1s

j

1

j

2

j

1

s

j x,......,x0, ,x,......,x,xx s    with  s=1,2,......m 

         The point  
s

jx   is  on a face  of  simplex j , and we  obtain  it by 

extending the segment between  es and xj., until it reaches  the opposite face to 

the  corresponding vertex.   

 This is made in order to obtain a polyhedral partition of the simplex j ,  

having as extreme points: the m  vertices of simplex  j , the m points  
s

jx   and 

the prefixed point xj . (Marchi and Quintas (1987) studied   characterizations of 

these points on  some  n-person games).  

       The geometric idea laying behind the construction of the payoff matrixes 

consists in analyzing which is the “maximizing hyperplane” in each subset of the 

simplex partition.  We want to have a unique “maximizing hyperplane”  in each 

region (see figure when   3jΣ  )   
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In order to obtain   
s

jx  we use the following equation: 

s

jsj
s

s xexλe  

As the s-th component of 
s

jx   is cero, then we have: 01xλ1 j
ss  

Thus  0
x1

1λ j
s

s , and it follows that: 
st  each for 0         

st  each for0  
x1

x
x j

t

j
ts

t  

 

Thus:        
j
s

j
m

j
s

j
1s

j
s

j
1s

j
s

j
2

j
s

j
1

j
s

x1
x,......,

x1
x,0,

x1
x,......,

x1
x,

x1
xx  

As   
st

j
t

j
s xx1  we have:  

j
m

j
1s

j
1s

j
2

j
1

st

j
t

s

j x,......,x,0,x,......,x,x
x

1x  

        For each vertex er  i  and for each xj  j  , by definition 6  we obtain:     

t
j

r
i

j
l

ml

1l

ij
rlji x Ax ax r,F ,  

where  Ar
i is the r-th row of the matrix Ai  of player i  and   t

jx  is the  transposed  

of   xj. 

  

j
1
x  

i
1i εv  

j
2
x  

i
2i εv   

jx  
i
3i εv  

e2           e
1

e3 

j
~

 

  xj 

y 
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 On the hyperplane ji x r,F  we require the following properties: 

 It should take the value vi on j
j
m

j
2

j
1j Σ,......xx,xx ,  . That  is:  

i
t
j

r
i

j
l

ml

1l

ij
rlji vx Ax ax r,F   

 In each point 
s

jx  with s= 1, 2,.....,n, it should take the value   i
si εv , with 

i
sε   0  .  Namely: 

       εvax r,F i
ri

ml

sl
1l

j
l

ij
rl

s

j1 x  

Then        εva
x1

1 i
si

ml

l
1l

ij
j
s

s

rl  

 

  Now we introduce a bijective function in order to complete the definition 

of player i  payoff matrix. 

r(s)f   , ΣΣ:f jiijji  such that  iji v)x(r,F  

(where r is the  index of the corresponding maximizing hyperplane) 

 

This implies that: 

s t,Fa  as r,F i
ij
ts

ij
rsi    for each it  

 

Thus we have: ij
rsi as r,F  and by Theorem 1, we obtain: sfeJ jisi

In this way in each vertex of j  there is a unique maximizing hyperplane and fji 

distributes the different hyperplanes on the different vertices.  

   We also prescribe that each t, such as fji(t) r, the fji(t)-hyperplane,  

"passes underneath" the fji(s)-hyiperplane at  each point  
s

jx . Moreover we ask it 

takes the values i
si εv . 

Thus, for each r  fji(t). 
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i
si

ml

sl
1l

j
l

ij
rlj

s

ml

1l

s

l
ij
rl εvxa

x1
1xa  

 
ml

sl
1l

j
l

ij
(s)lfj

s

ml

1l

s

l
ij

(s)lf xa
x1

1xa
jiji  

 

   Thus for r=1,2,...,m in the point j
m

j
2

j
1j x,........,x,xx  we prescribe that all 

the  hyperplanes  take the same  value vi. This is, for   r =1,2,...,n,         

i

ml

1l

j
l

ij
rl vxa  

 

And for each t such that fji(t)  r  

i
ti

j
t

ij
rt

3l

1l

j
l

ij
rsj

t

εvxax a
x1

1
 

 

      Then, we have the following system:  

i
ti

j
t

ij
rt

ml

1l

j
l

ij
rlj

t

ji

i
1l

j
l

ij
rl

εvxaxa
x1

1
qtf :t   y

vxa
ml

     

Solving it, we have:  

r(s)f para    
x

εx1v

r(s)f   para      x1ε
x
1v

a
jij

s

i
s

j
s

i

ji
s(t)f

j
t

i
tj

s
i

ij
rs

ji
 

 
Remark 1:  

 As  1x0 j
s   the coefficients are well defined. 

 As fji(s) = r, then  i
ij
rs va .  
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 As  fji(s)  r; then  i
ij
rs va . 

These two inequalities agree with the geometric idea leading the whole 

construction. 

 The payoff matrix Ai is non singular, its determinant is:  

n321

i
1-nms

1s

i
s

i
i ......x.x.xx

v
ε  x1Adet

s
 

 

And as   ε i
s are  arbitrary positives numbers, 0ε  x1

ms

1s

i
s

i
s . Furthermore ,  

vi is not null, then  0iAdet . 

 
 
4.- Existence and Uniqueness of Nash Equilibrium 
In this section we present the construction presented by Alaniz S. and  Quintas 

L. G. (2010). We check here that the point
ni

1i
in21 ,......xx,xx  , with 

0j
sx  for s= 1,..., m , is a Nash Equilibrium. It is so, because it fulfills the 

inclusions given, in Theorem 1: 

q(i)ii xJxS ,  for each  i = 1,2,....., n 

  

As all the hyperplanes of player i take the same value vi
 in the point xj  , 

and taking into account that  i

ml

1l

j
l

ij
rl vxa ; then iji xSn2,......., 1,xJ . 

 

  Thus, the construction presented  in the previous section guarantees the 

existence of a completely mixed Nash Equilibrium (x1, x2,......., xn)   for a  Q- 

cyclic game   with payoff matrix Ai for player i. 

 

Theorem 2: Given  
n
m

n
2

n
1

2
m

2
2

2
1

1
m

1
2

1
1n21 x,........,x,x.......,.........x,........,x,x , x,........,x,xx,,.........x ,x   with 

1x
mt

1t

i
t  for each  i=1,2,....,n   with 0xi

t  for each  t=1,2,....,m  and for each  
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i=1,2,.....,n;  and values nonzero   v1, v2,...,vn. given the functions  ΣΣ:f ijji , 

with  j= i+1 mod. n  with positives numbers i
sε  i=1, 2, ,....,n: There exists a Q-

cyclic game    having (x1, x2,......., xn) as a completely  mixed Nash Equilibrium 

with payoff values v1, v2,...,vn  

 
  We will prove that the family of games we constructed in the previous 

section has 
nt

1t
tn21 ,......xx,x  as unique Nash Equilibrium. 

    Given the payoff matrices A1, A2,.......,An  for the 

corresponding players, we choose functions  jif    and   fulfilling that for each  

jj
'''  xΣΣr,r : 

                                  If     r''r'f  Φ     then    'r'r'f  Φ jiji   (1)  

with  ji ΣΣ:Φ  resulting  of the  compositions  of  functions of the type jif . 

 

Remark 2:   
 These conditions are similar to that given for Bimatrix games by Quintas  

(1988 b), 

 In a 3-person game,  player 1 plays with player 2, and condition (1) takes the 

form: 

For each  22
'''  xΣΣj,j : 

                                     If  j''j'f  Φ    then    'j'j'f  Φ 2121  

       In this case  1332 ff  Φ . 

 

 The functions  rrjif   and m mod.     1rr  fulfill condition (1). 

 Moreover, if we choose positive number i
s  we have that:   

0εx1
ms

1s

i
s

j
s              (2) 

This implies that the payoff matrix of each player i is non singular.  

 

We will use the following notation:  
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 t
j  x  is the  transposed vector of  xj. 

 t
iiii  .........vv  v  V  is a (mx1) matrix with  v in all entries. 

  
j
iA   is the j-th row  of  player i payoff matrix 

 

Theorem  3:  

Given a Q-cyclic  game    constructed as in Theorem 2, having  (x1, x2,......., xn)  

as a completely  mixed Nash Equilibrium, with non zero values  v1, v2,...,vn ,   

and given functions fji fulfilling condition (1)  and given positive numbers  i
sε  with 

i=1, 2, ,....,n fulfilling condition (2) , then,  (x1, x2,......., xn) is the unique Nash  

Equilibrium of  the game  . 

 

Proof:  
In order to prove the uniqueness, we assume that there exists another 

Nash equilibrium (y1,y2,.......,yn) with values ui , thus we have the expected 

utilities  Ei(y1,y2,.......,yn) = u i  for  i=1,2,...n. 

We will consider the following cases: 

 Case 1:  (y1,y2,.......,yn)  is completely mixed 

As it is a Nash equilibrium it  fulfills the systems: 

               U yA                                V xA   i
t

jii
t

ji  

Multiplying each equation of system a) by ui , and multiplying each equation of 

system b) vi and subtracting one system from the other we obtain: 

0vuA ii
t

jij  yx      being 0  the (mx1)-order null matrix.  

 The matrices Ai are non singular, because vi  0 and 
i
pε   fulfills condition (2). 

Thus the lineal homogeneous systems  0vuA iii
t

jj  yx    has unique 

solution, namely the trivial. 0vu jiji yx  , It implies that, 
j
s

j
s yx ii v u   

with s=1,2,.......m.  

Summing up over s we obtain:             
ms

1s
1

ms

1s
1 vu j

s
j
s yx  
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 As  xj and  yj 
  are  probability vectors, then ui = vi , therefore:                  
t

i
t

i    A     A jj yx  thus 0     A t
i jj yx   and as Ai is non singular then  the  

system has unique solution  0yx jj , and thus jj yx  for each  i=1,2,.....,n 

 Case 2:  The point  (y1, y2,......., yn)  fulfills  that: 

ii xSyS  with i    {1,2,.......,n}, excepting for  some j    {1,2,.......,n}, such 

that 

jj xSyS  with  j i 

We assume that ,0y,......., y......, , y,yy i
1-m

j
k

j
2

j
1j  and kkf ji  

Let  jj ySxS   k ,  

jj

32

ySs

j
si

s

i
s

i
s

ySs

j
si

t
j

kf
i y

x
x1ε

yvyA  

Let  iySr  

rs
ySs

ms

rs
1s

j
s

i
sj

r

j
rj

si
s

i
s

i
s

ySs

j
si

t
j

rf
i

jj

ji x1ε
x
y

y
x

x1ε
yvyA   

Subtracting   
t

j
rf

i yA ji  y  
t

j
kf

i yA ji  we obtain: 

jjjj ySs

j
si

s

i
s

i
s

ySs

j
si

rs
ySs

ms

rs
1s

j
s

i
sj

r

j
rj

si
s

i
s

i
s

ySs

j
si y

x
x1εyvx1ε

x
yy

x
x1εyv ,  

That is:  
ms

1s

j
s

i
sj

r

j
rj

rj
r

j
r

i
r

ms

rs
1s

j
s

i
sj

r

j
rt

j
kf

i
t

j
rf

i x1ε
x
yy

x
x1εx1ε

x
yyAy jijiA  

We have:  0
ms

1s

j
s

i
s x1ε  y    jySr  

0t
j

kf
i

t
j

rf
i yAy jijiA , implies that   jiji yJkf .  

Thus (y1, y2,......., yn) is an  Equilibrium point,  because : jii yJyS  

(Theorem 1)  , then  iySkfji , and in  consequence  0yi
kf ji ., but that is   

impossible because by hypothesis, we had that )S(x)S(y ii , and thus  (x1, 
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x2,......., xn)  is a point completely mixed  Equilibrium, which implies that 

mxSyS ii .  

  In consequence, jj xSyS   for all j=1,2,...., n and then by   case 1, 

jj yx   therefore  (x1, x2,......., xn) is unique equilibrium. 

 

 Case 3:  The point (y1, y2,........, yn) fulfills  that: 

                                    n 2,..., 1,i    all  for       yS)S(x ii  

Let nn ySxS   k . In this case, we suppose k =m kkf nn 1 ,  

In case 2, we obtained 0y
-1nnf

1n
k , thus 01-n

my . 

Let )S(yxS   j 1-n1-n , by hypothesis we had 1-n1-n xSyS , in this case 

j = m satisfies that condition. 

Let  121 jjf nn  mod.m,  
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By subtracting  
t

1-n
rf

2-n yA 2n1-n
 from t

1-n
f

2-n yA 1-n jn 2  we obtain, as 

in the previous case that: t
1n

jf
2-n

t
1-n

rf
2-n yAyA 2n1-n2n1-n , then  

1221 nnnn yJjf .  

As we have that (y1, y2,........, yn) is an equilibrium   1n2-n2-n yJyS  

(Theorem 1), then 2-nySjf nn 21 , and in consequence ,  

0y 2-n
jf nn 21 , that is 0y 2-n

1 . 

Let 11 ySxS   i , and we consider  f1n(i) =i  

 



PERSPECTIVAS. Revista de Análisis de Economía, Comercio y Negocios Internacionales / Volumen 13 / No. 2 / Julio - Diciembre 201966

Working as in the previous cases we obtain  that  1n1n yJif .  

Again as   (y1, y2,........, yn) is  an equilibrium 1nn yJyS (Theorem 1) , then 

n1n ySif , and in  consequence: 0yn
if1n , that is is 0yn

1 . 

 

Now by choosing nn ySxS   k , such that: 

n1-nn211n ySkfφffkL ,   

The  existence of such  k, is  guarantied by  (1). 
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Subtracting  trL
n 1yA  from  tL
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n yA ,  we obtain: 
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This is positive because 1ySrh  and 0  x1ε
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Thus , t
1

kL
n

t
1

rL
n yA     yA        (3) 

However,  k is such that  1ySkL , and as  (y1, y2,........, yn)  is an  

Equilibrium, then 1nn yJyS (Theorem 1), we have    

t
1

kL
n

t
1

rL
n yAyA .   (4) 

But the inequalities (3) and (4) are incompatible, unless   0y1
rh . 

If this occurs the vector y1 is the null, and this is a contradiction, then it doesn’t 

exist other equilibria of the game . It completes the proof   ■                                
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Alaniz,  Quintas and Sevilla (2014) presented another family of Q-Cyclic 

games with unique Nash equilibrium. The corresponding payoff matrices are the 

following: 
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These constructions extend to n-person games the studied done for 

bimatrix games. We might have expected that the procedure used here could 

also serve to generate games with unique equilibrium in Polymaric Games, 

however the technique we used didn’t provide unique equilibrium in Polymaric 

Games and it would require the use of a different technique. 

 
5.- Cyclic games and a model for the control of 
corruption evolution.  
 
A dynamic model for analyzing corruption evolution was recently presented by 

Accinelli, Martins, Oviedo, Pinto and Quintas (2017). The aim of that article was 

to analyze the evolution of the corruption focusing in how to control the central 

authority (“the controller”) to deter the expansion of the corruption. This role 

played by citizens is crucial and it is found that politically active citizens can 

prevent the spread of corruption. It is considered a game between government 

and the officials where both can choose between a corrupt or honest behavior. 

Citizens have a political influence that results in the prospects of a corrupt or 

non corrupt government can be reelected or not. It is modeled by mean of an 

index of intolerance to corruption. The evolutionary version of the game is given 

by means of the replicator dynamics.  
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The whole game can be viewed as a 3 person Cyclic game: the 

government plays a game with the officials designed to fulfill a public function. 

Both, the government and the officials can act in an honest or dishonest way. 

The officials play themselves a game with the citizens, having the possibility to 

ask and receive bribes from the citizens. The cycle is closed by the interaction 

between the government and citizens who can be more or less sensible to the 

corruption, and can decide to punish the governments by not reelecting them. 

This model can be generalized to an n-person Cyclic game by mean of a 

top to bottom chain of two person games played by the government and the 

main official, this with the second level official, and so on with the lower levels 

officials. The cycle is closed again by the 2-person game played by the citizens 

and the government.  

 

REFRENCES 

 

 Accinelli, E., F. Martins, J. Oviedo, A. Pinto and L. G. Quintas (2017). “Who 

controls the controller? A dynamical model of corruption''. Journal of 

Mathematical Sociology, Volume 41, (4), 220-247. 

 Alaniz S. and  Quintas L. G. (2010). “Constructing Q-Cyclic Games with 

Unique prefixed Equilibrium”. RBEE, (1) 7-18. 

 Alaniz S.,   Quintas L. G. and Sevilla S. A. (2014).  ”New families of Q-Cyclic 

games with unique Nash equilibrium”, Perspectivas, Vol. 8. (1), 5-30 (in 

Spanish).  

 Heuer G. A. (1979)."Uniqueness Equilibrium Points in Bimatrix Games", 

International Journal of Game Theory : Vol 8: 13-25. 

 Kakutani S. (1941), “A generalization of Brouwer's fixed point theorem”. 

Duke Math. Journal, 8, 457– 459. 

 Kreps V. L. (1974). "Bimatrix Games with Unique Equilibrium Points", 

International Journal of Game Theory: Vol. 3.  115-118. 

 Lemke C. E. and J. T. Howson Jr. (1964). “Equilibrium points of Bimatrix 

games”.  Journal of the Society for Industrial and Applied Mathematics, Vol. 

12, No. 2, 413-423. 

 Marchi E. and Quintas L. G. (1987)."About Extreme Equilibrium Points", 

Mathematical  Social  Sciences 13  273-276. 



Cyclic Games 69

  Marchi E. and Quintas L. G. (1983)."Computing Equilibrium Points for Q-

Cyclic Games". Proceding of the II  Latin American Congress of Applied 

Mathematics, Río de Janeiro, Brazil, Vol II, 576-598. 

 Millham C. B. (1972)."Constructing Bimatrix Games with Special Properties", 

International Journal of Game Theory: 10 (4): 125 -129. 

 Nash, J. (1950)."Equilibrum points in n-person games". Proceedings of the 

National Academy of Science U.S.A., 36 (1) 48-49.  

 Nash J. (1951)."Non-Cooperative Games". The Annals of Mathematics, 54 

(2) 286-295.  

 Quintas L. G. (1989)). "A note on Polymatrix Games", International Journal 

of Game Theory, 18, 261-272. 

 Quintas L. G. (1988 a)). "Constructing Bimatrix Game with Unique 

Equilibrium Points", Mathematical Social Sciences, 15 (1), 61-72. 

 Quintas L. G. (1988 b)). "Uniqueness of Nash Equilibrium Points in Bimatrix 

Games", Economic Letters, 2, 123-127. 

 Quintas L. G., Marchi E., Giunta A. and Alaniz S. (1991). "Brimatrix Games 

Constructed from Prefixed Equilibrium Points”, AMSE Review, 17, 2, 33-44 

 Raghavan T. E. S. (1970). "Completely Mixed Strategies in Bimatrix 

Games",  Journal of the London Mathematical Society, 2, 709-712. 

 Von Neumann J. and Morgenstern O. (1947). “The Theory of Games and 

Economic Behaviour”, Princeton University Press, Princeton. 

 Yanovskaya E. B. (1968)."Equilibrium Points in Polymatrix Games", 

Lithuanian Mathematical Collection (Litovskii Matematicheskii Sbornik) 8 (2): 

381–384 (in Russian). 





71

PERSPECTIVAS
Revista de Análisis de Economía, Comercio y Negocios Internacionales

Lineamientos para los autores
1. Los artículos para ser publicados en PERSPECTIVAS. Revista de Análisis de Eco-

nomía, Comercio y Negocios Internacionales deberán contener material original que 
no haya sido publicado, ni presentado a otro medio para su publicación. Los autores 
conceden permiso a la revista para que su trabajo se difunda en otros medios.  

2. El envío de los trabajos puede hacerse vía correo electrónico a la dirección william.
olvera@uaslp.mx o revista.perspectivas@uaslp.mx, procesados en LaTex o Micro-
soft Word.

3. Los trabajos pueden estar escritos en español o inglés. En caso de aceptación de tra-
bajos en inglés, el autor será responsable de la forma estilística del manuscrito.

4. La primera página deberá de incluir: a) el título del trabajo; b) el(los) nombre(s) y los 
apellidos del autor(es), ordenados alfabéticamente por primer apellido en caso de 
varios autores; c) institución de adscripción; d) correo electrónico; e) resumen del 
contenido tanto en inglés como en español que no excederán 10 líneas ninguno de 
los dos; f) palabras claves que faciliten su clasifi cación y g) los códigos JEL de clasifi -
cación internacional de la temática del artículo.

5. Los cuadros y gráfi cos deben estar numerados correlativamente en el sistema arábigo 
(Cuadro 1, 2, 3, etc.) y con sus respectivas fuentes de información. También deberán 
incluir un título y una leyenda, estando colocando ambos en la parte inferior de la 
misma. En particular, los gráfi cos deberán presentarse en blanco y negro (no a colo-
res), pero que puedan permitir su lectura y visibilidad. 

6. Las citas de libros y artículos se indicarán mencionando el apellido y el año entre pa-
réntesis, ejemplo: (Ampuero, 1987). Las notas a pie de página irán integradas al texto, 
con las llamadas respectivas. Se recomienda utilizar el número de llamadas estricta-
mente necesarias. 

7. Se debe incluir la bibliografía de todas las obras citadas sin omitir dato alguno al fi nal 
del documento. Ésta deberá presentarse en orden alfabético tomando en cuenta el 
primer apellido del autor(es), seguido por la(s) inicial(es) de su(s) nombre(s), año de 
publicación, titulo, nombre de la revista, volumen, número (entre paréntesis), páginas. 



PERSPECTIVAS. Revista de Análisis de Economía, Comercio y Negocios Internacionales / Volumen 13 / No. 2 / Julio - Diciembre 201972

Por ejemplo:
Asheim G. B. and Mitra T. (2010), “Sustainability and discounted utilitarianism in models 

of  economic growth”, Mathematical Social Sciences. 59(2): 148-169. 
8. La dirección de la revista se reserva el derecho de sugerir los cambios que se requieran 

para su publicación. 
9. PERSPECTIVAS proporciona acceso abierto inmediato a sus contenidos bajo el 

principio que mantener la investigación a disposición del público de manera gra-
tuita favorece el intercambio de conocimiento. Por ello, permite el uso ilimitado, 
distribución y reproducción en cualquier medio, siempre que la obra original sea 
debidamente citada y cuando no se restrinja a otros a hacer cualquier uso permi-
tido por la licencia.



73

PERSPECTIVAS
Revista de Análisis de Economía, Comercio y Negocios Internacionales

Guide for authors
1. The articles to be published in PERSPECTIVAS. Revista de Análisis de Eco-

nomía, Comercio y Negocios Internacionales must contain original material 
that has not been published or submitted to another medium for publication. 
The authors grant permission to the magazine to disseminate their work in 
other media.  

2. Articles can be submitted via e-mail to william.olvera@uaslp.mx or revista.pers-
pectivas@uaslp.mx, processed in LaTeX or Microsoft Word.

3. Articles may be written in Spanish or English languagues. In case of  acceptance 
of  papers in English, the author is responsible for the stylistic form of  the ma-
nuscript.

4. The fi rst page should include: a) the title of  the work; b) the name(s) and surna-
me of  the author(s) in alphabetical order according to the last name (if  it is ne-
cessary); c) institution of  affi liation; d) e-mail address; e) abstract in both English 
and Spanish languages that do not exceed 10 lines each; f) keywords to facilitate 
their classifi cation and g) JEL classifi cation.

5. Tables and fi gures should be numbered consecutively in Arabic system (Table 1, 
2, 3, etc.) And their respective sources. They should also include a title and an 
explanation at the bottom of  the table/fi gure. In particular, the fi gures should be 
in black and white (not color), but which may allow reading and visibility. 

6. References of  books and articles will be indicated by mentioning the name and 
year in parentheses, eg (Ampuero, 1987). The footnotes to the text page will be 
integrated with respective calls. We recommend using the number of  necessary 
calls. 

7. References should include a bibliography of  all works cited without omitting 
any data at end of  document. This should be presented in alphabetical order by 
taking into account the surname of  the author(s) followed by the initial(s) of  na-
me(s), year of  publication, title, journal name, volume , number (in parentheses), 
pp. For example:



PERSPECTIVAS. Revista de Análisis de Economía, Comercio y Negocios Internacionales / Volumen 13 / No. 2 / Julio - Diciembre 201974

Asheim G. B. and Mitra T. (2010), “Sustainability and discounted utilitarianism in 
models of  economic growth”, Mathematical Social Sciences. 59(2): 148-169. 

8. The journal editorial board reserves the right to suggest changes that are required 
for publication.

9. PERSPECTIVAS provides immediate open access to its content on the prin-
ciple that to keep research available to the public free of  charge promotes the 
exchange of  knowledge. Therefore, it permits unrestricted use, distribution, and 
reproduction in any medium, provided that the original work is properly cited 
and when it does not restrict to others to make any use permitted by the license



75

PERSPECTIVAS
Revista de Análisis de Economía, Comercio y Negocios Internacionales

Proceso de Evaluación

En todo material recibido, el director de la revista evalúa la pertinencia temática del 
documento y se somete a evaluación del Consejo Editorial (pre-dictamen). Si esta 
evaluación es positiva, el artículo se turnará a uno o dos dictaminadores externos. 

Para este dictamen externo se cuenta con un padrón de investigadores especiali-
zados en diferentes temáticas de la economía y se procederá de acuerdo al método 
de doble ciego (autores y dictaminadores anónimos).

Las nuevas versiones de un artículo al que se le solicitaron cambios se deben 
enviar junto con una carta de los autores en que respondan a los dictámenes, acla-
rando los cambios introducidos al artículo y las aclaraciones que éstos consideren 
pertinentes.  

Los evaluadores deberán emitir su opinión califi cada en un lapso no mayor de 
tres meses, siguiendo los lineamientos establecidos en el “Formato de dictamen”. 

Los posibles resultados de un dictamen son los siguientes: 
 
1. Publicable sin modifi caciones
2. Publicable, pero sujeto a las modifi caciones propuestas
3. No publicable 
El dictamen fi nal es discutido por el Consejo Editorial e inmediatamente se le 

notifi can los resultados de la evaluación a los autores vía correo electrónico. 
En el caso de los artículos que hayan sido aceptados, el autor se compromete a 

incorporar las correcciones sugeridas por los evaluadores.


