ON QUASI DROP PROPERTY OF UNBOUNDED SETS IN
LOCALLY COMPLETE SPACES

ARMANDO GARCIA

ABSTRACT. In locally complete spaces with the sMc every unbounded closed
convex set C' with the quasi drop property has the Mackey (a)-property. In
the frame of reflexive acyclic (LF)-spaces a quasi converse is obtained.

1. INTRODUCTION

Let (X, ||-]|) be a Banach space and By its closed unit ball. By the drop D(z, Bx)
defined by an element z € X \ Bx we mean the set conv ({z} U Bx). Danes [2]
proved that, for any Banach space (X, ||-||) and every non-empty closed set A C X at
positive distance from By, there exists an xg € A such that D(zg, Bx)NA = {z¢}.
Motivated by Danes theorem, Rolewicz [26] introduced the notion of drop property
for the norm of a Banach space: the norm ||-|| in X has the drop property if for
every non-empty closed set A disjoint from Byx there exists zp € A such that
D(zp,Bx) N A = {x0}. He proved that if the norm has the drop property then
(X, |I]) is reflexive (see [26] Theorem 5). Later, Montesinos (see [18] Theorem 4)
proved that a Banach space is reflexive if and only if it can be renormed to have
the drop property.

Let B be a subset of a Banach space (X, ||-]|). The Kuratowski index of noncom-
pactness of B, a(B), is the infimum of all positive numbers r such that B can be
covered by a finite number of sets of diameter less than r. Given f € X* such that
[If]l =1and 0 < ¢ < 2, consider the slice S(f, Bx,d) = {x € Bx : f(z) > 1-6}.
The norm ||| in a Banach space X has property («), if ;i_r)ré a(S(f,Bx,0)) =0

for every f € X*, with | f] = 1. Also, Rolewicz ([26] Theorem 4), proved that
if the norm has the drop property then it has property («), and Montesinos ([18]
Theorem 3) established that these two properties are equivalent.

Giles, Sims and Yorke [7] said that the norm has the weak drop property if for
every non-empty weakly sequentially closed set A disjoint from By, there exists
an xg € A such that D(zo, Bx) N A = {xo}, and they proved that this property is
equivalent to (X, ||-||) being reflexive. Kutzarova [12] and Giles and Kutzarova [6]
extended the discussion of these drop properties to closed bounded convex sets in
Banach spaces. Cheng, Zhou and Zang [1], Zheng [30] and other authors studied
those drop properties in locally convex spaces: a bounded, convex and closed subset
B of a locally convex space (E,T) is said to have the drop property if it is non-
empty and for every non-empty sequentially closed subset A C E disjoint from B
there exists a € A such that D(a, B)NA = {a}.
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Qiu in [22] and Monterde and Montesinos in [16], introduced another drop prop-
erties in locally convex spaces: a non-empty closed convex bounded subset B of a
locally convex space (F,7) is said to have the quasi weak drop (resp. quasi drop)
property if for every non-empty weakly closed (resp. closed) subset A C F disjoint
from B, there exists an xg € A such that D(zo, B)NA = {zo}. In [22] and [23], Qiu
established a number of equivalences for the quasi weak drop property in Fréchet
spaces and in quasi-complete locally convex spaces. He characterized reflexivity of
those spaces by the condition that every closed bounded convex subset of the space
must satisfy the quasi weak drop property. Concerning drop properties and their
applications, see for example [1]-[7], [12]-[19], [21]-[26], [29] and [30]. In [15] can be
found a extensive compilation of extensions and equivalent variational principles to
drop properties.

In [13], Kutzarova and Rolewicz have dropped the boundedness assumption for
the drop property in Banach spaces and proved

Theorem 1. Let C' be an unbounded closed convex set in a reflexive Banach space.
The following conditions are equivalent:

i) C has the drop property;

ii) int(C) # 0 and C has the property ()

They asked if the existence of such a closed convex unbounded set C' with the
drop property forces the space to be reflexive. In [19], Montesinos proved that this
is the case. Later, in [14], Lin and Yu proved that if C' is an unbounded closed
convex set with the weak drop property in a Banach space, then C' has nonempty
interior and the Banach spece is reflexive.

In [4], the author considered locally convex spaces with the strict Mackey con-
vergence condition (sMc, see below) and studied the relation between the quasi
drop property and the defined Mackey («)-property (see below). Then he char-
acterized quasi drop property for bounded disks in Frechet spaces. Later, in [5]
on the base of techniques from Kutzarova-Rolewicz [13], Montesinos [19] and Lin-
Yu [14] the Kutzarova-Rolewicz’s Theorem was extended to the family of reflexive
Fréchet spaces, i.e. in a reflexive Fréchet space an unbounded closed convex subset
C has the quasi drop property if and only if int(C) # () and C has the Mackey
(a)-property.

Recently, Monterde and Montesinos [17] proved that if a closed convex bounded
subset B of a locally convex space has the quasi drop property then it has prop-
erty (). And if the locally convex space is complete, property («) implies weak
compactness.

Based again on results and techniques of [13],[14] and [19], in this note is proved
that in a locally complete locally convex space (E,7) with the sMc every closed
convex unbounded subset B C F satisfying the quasi drop property has the Mackey
(a)-property. Also it is proved that subsets of acyclic (LF)-spaces (E, 1) = ind(E,, )
have both quasi drop, Mackey («)-properties and non empty interior if there are
certain subsets satisfying them in every step (E,,7,). Wich is a kind of converse
to the previous result or an extension to Kutzarova-Rolewicz theorem.

For the sake of completeness some results appeared in [5] are included in this
work.
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2. PRELIMINARIES

A closed, bounded and absolutely convex subset is called a disk. If D is a disk
in the locally convex space (E,7) then we let EFp denotes the linear span of D,
equipped with the topology given by pj, the gauge (Minkowski’s functional) of D.
This topology has a base of zero neighborhoods of the form {aD : a > 0}, and makes
Ep into a normed space such that 7 |g, < pp|gp, for 7 the original topology of
E. And (FE,7) is said to be locally complete if every disk D C E, is a Banach disk,
that is (Ep, pp) is a Banach space. Note that for metrizable spaces, completeness
and local completeness are equivalent. For local completeness, see [10] and [20].

According to Grothendieck (see [9]), we have that a space (E,T) satisfies the
strict Mackey condition (sMc) if for every bounded subset B C (E,7), there exists
a disk D C E containing B such that the topologies of F and Ep agree on B, i.e.
7| = pp|B and so on every subset of B. Note that every metrizable, unordered
Baire like or strictly barreled space satisfies the sMc (see [27]; [20], 5.1.27(ii) and
[8], Corollary 3.4). So, in particular, every Fréchet or acyclic (LF')-space is locally
complete and satisfies the sMc.

For a 7-closed convex set C' C E, denote by F(C) the set of all T-continuous
linear functionals f € (E,7)" ~ {0} which are bounded above on C. For f €
F(C) let My = sup{f(z):z € C}, and for § > 0 consider the slice S(f,C,d) =
{x € C: f(x) > My — 6}. The set C is said to have the («)-property with respect
to 7 if for every f € F(C) and for every neighborhood U of 0 in 7, there exists
d > 0 such that S(f,C, ) can be covered by a finite number of translates of U.

If a slice S(f,C,d0) is bounded in a locally complete locally convex space (F,T)
which satisfies the sMc, then there exists a Banach disk D C F containing S(f, C, dg)
such that 7 |S(f,0750) = pp |S(f)0750). In this case, the Kuratowski index of non-
compactness of S(f,C,dy) associated to the disk D is ap(S(f,C,dp)) the infimum
of all positive numbers r such that S(f,C,do) is covered by a finite number of sets
of pp-diameter less than r. The 7-closed convex set C C FE is said to have the
Mackey («)-property if for every f € F(C) and D as above %ii% ap(S(f,C,d)) =0.

In this case, due to the fact that p and 7 induce the same topology on the slice,
we get that C has the («)-property with respect to 7. Obviously, if (E,|-]]) is a
normed space both (a)-properties coincide.

3. RESULTS

Proposition 1. Let C be a non-empty closed convexr (unbounded) subset of the
locally convex space (E, 7). Suppose that C' has the quasi drop property. Then
every C-stream in E has a T-convergent subsequence.

Proof. Suppose there exists a sequence (z,), € E such that z,; € D(z,,C)\ C,
for every n € N, but (z,), does not have any 7T-convergent subsequence. So, for
every subsequence (Zy, )k C (@), we have that A = {z,, : k € N} is a closed set
and C does not have the quasi drop property. ([l

Proposition 2. Let C be a non-empty closed convex unbounded subset of the
locally convex space (E, 7). Let f € F(C) and My :=sup{f(z) :x € C}. Suppose
that C' has the quasi drop property. Then for every § > 0, the slice S(f,C,d) =
{z € C: f(x) > My — 6} is a bounded set.
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Proof. Suppose this is not true. Then there exist fo € F(C), dg > 0 and Uy € T
an open convex and simetric zero neighborhood such that for every R > 0 we have
that S(fo,C,dp) is not contained in RUy; or equivalently, for every R > 0 there
exists g € S(fo,C,d0) such that py (zr) > R, where py, () is the 7-continuous
Minkowski’s seminorm generated by Uy.

Let M > My,. Let 1 € E be such that fy(z1) > My,. Find 0 < Ay < 1 such
that (1 — Al)fo(l‘l) — MM > Mf()'

Take 73 € S(fo,C,do) satisfying py, (M2 + (1 — A1)z —21) > 1. Let 25 :=
M7Zs + (1 = Ap)z1. So, py, (22 — 1) > 1 and

folwa) = Mifo(@) + (1= M)folr) > (1= A)fofwr) = A |fo(®2)
> (1 — )\1)f0(1'1) - )\lM > Mfo

Suppose now, we have found z1,z2,...,x, € E such that z;11 € D(z;,C) \ C,
for i = 1,2,...,(n — 1), with fo(z;) > My,, for i = 1,2,...,n and py, (z; — x;) > 1
for i,j = 1,2,...,n and ¢ # j. In order to find z,41, find 0 < A, < 1 such that
(1= Ap)f(wn) =AM > My, and take T, 11 € S(fo,C,d0) satisfying py, (AnTrny1 +
(I=Ap)zp —x;) > 1, forall i =1,2,...;n. Let 11 := \ZTng1 + (1 — Ap)zp. So,
Py (Tng1 — @) > 1, for all i = 1,2, ...,n; and

folwns1) = Aafo(@nsr) + (1= An)folan) = (1= An) fo(@n) = An | fo(@ni1)l
> (1= M) olen) — MM > My,

Then the sequence (z,, )y is a C-stream in E with no convergent subsequences. This
is a contradiction. g

Theorem 2. Let (E,T) be a locally complete locally convex space with the strict
Mackey condition (sMc) and C C E be a closed convex unbounded subset. Suppose
that C has the quasi-drop property. Then C has the Mackey («)-property.

Proof. Let f € F(C). Find z9p € E such that f(zo) > M;. We may assume
that My > 1, then by proposition 2, the slice S; := S(f,C,1) is a 7-bounded
closed set and B := cvx {S1 U{xo}} is a bounded closed convex subset of E.
Since (F,7) is locally complete and has the sMc, there exists D C FE a Banach
disk such that B C D and 7|p = ppl|p. In particular, 7|s, = ppls,. If
inf {ap (S(f,C,e): 1 >¢e >0} > 2§p, for some Jy > 0, then (see [26], Theorem
4) for every finite dimensional subspace L C Ep we have:

1
' —y)) > =i .
we;&ycvg)(;ggpo(w y)) 2 5 mf ap(S(f.C,e)) > & (1)
Take 1 < f(xo) — M. And choose T1 € S(f,C,e1) such that

inf {pp(T1 — 2) : z € span{zo}} > do.

Let 1 = %, then

o+ X1 f(fL‘o) f(lﬁ) Mf+€1 Mf—61
flon) = (T S0 JED My ke My ey,
Moreover
1 )
inf {pp(z1 — 2) : z € span{zo}} = B inf {pp(T1 — 2) : z € span{zo}} > 50

Now, suppose we have {zg, 1, ..., %}, such that z; # z; if i # j <n, and
i) f(zi) > My
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i) inf {pp (i — 2) : 2 € span {zg, ..., wi_1}} > %

111) x; € D(IEi_l, C)

for every ¢ < n. Take g,41 < f(zn) — My and by (1) find To,11 € S(f,C,eny1)
such that

inf {pp(Tnii — 2) : z € span{zo, 1, ..., Tn}} > do.

Tn+Tnti
2

Let ¢, 11 = then, in an analogous way to z1, f(Zn4+1) > My and

inf {pp(Tnt1 — 2) : 2z € span{zg, ..., xn}}
do

1
= ginf {pp@ngi — 2) : z € span{xg, ..., xn}} > 5

Then the sequence (z,,), satisfies (i,ii,ili) and the set A = {xo,21,...,Zp,...} C B is
pp-closed. Since the topologies T and p, agree on B, A is 7-closed and ANC = 0.
Hence C, does not have the quasi drop property. This is a contradiction. ([l

Recall a generalization of Cantor’s intersection theorem due to Kuratowski [11]

Lemma 1. Given a complete metric space and a sequence of non-empty closed sets
{Fn}nEI\U Fy D F,D---DF, D--- with the property that, for a the Kuratowski

oo
index of noncompactness, lign a(F,) =0, then () F, is non-empty and compact.
n=1
Remark 1. a) Suppose that C' has the Mackey (a)-property in the locally com-
plete locally convex space (E,T) which has the sMec, let f € F(C) and a sequence
(€n)n € RY convergent to zero. Then for every sequence (Tn)n € C such that
xn € S(f,C,en) there is a subsequence (Tn, )i C (n)n convergent in C.
b) In particular, under the assumptions of Theorem 2, every f € F(C) attains
its supremum on C.

Proposition 3. Let C' be a closed convex unbounded subset of the Fréchet space
(E, 7). Suppose that C has the quasi-drop property. Then int(C) # 0.

Proof. Since C' is not bounded, there exists (x,), € C such that does not have any
n

convergent subsequence. For every z ¢ C, define y,, := %x + > ﬁxl So,
i=1

(yn)n is a sequence which has non-empty intersection with C. If this is not true,
then we have two possibilities:

i) There exists a subsequence (Yn,)r C (¥n)n which does not have convergent
subsequences. Then A := {y,, : k € N} is closed disjoint to C, and contradicts the
quasi drop property of C.

ii) Every subsequence (yn, )i C (yn)n has a convergent subsequence. Let (yn,, )i C
(yn)n be convergent to yo € E. This implies that y,,4+1 — yo, too. Since
Ynerr = 35Uny + Tngt1) and Ty, 11 = 2Yny41 — Yn,, then (@,,41)r converges to
yo- This is not possible.

Hence, {y, :n € N} NC # (. Now, given z € F and L # 0, define the home-
omorfism T, ; : E — E given by T, () = z + L(xz — z), and the application
Tizy,zon)(@) = Ty 20 Tpyp0- 0Ty o(x). It is easy to verify that for the el-
ements {z, : n € N} of the original sequence we have that y, € C if and only if
€Ty 0,..2,)(C). Then E\C = |J T(z, 2,,...2,)(C). Since (E,7) is a Fréchet

neN

space, the Baire category theorem implies that int,(C) # 0. [
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Proposition 4. Let (E,7) be a Fréchet space and C C E be a closed convex
unbounded subset with int.(C) # (. Suppose that C has the Mackey (a)-property.
Then for every b € E ~\ C the set D(b,C) is T-sequentially closed. FEquivalently,
D(b,C) is T-closed.

Proof. Suppose there is a point b € F ~ C such that D(b,C) is not 7-closed.
Then there exists a € D(b, C)T such that a ¢ D(b,C). So, there are sequences
(yn)n € C and (A\,)n € [0,1] such that z, := A\yb+ (1 — A\n)yn — a respect to
7. Then the sequence A\, — 1 and for every 7-continuous seminorm p such that
distinguish a subsequence (yn, )r C (yn)n we have that p(y,, ) — oo. By a convexity
argument the ray r = {b+n(a—b):n > 1} is contained in D(b,C) ~ D(b,C).
Note that r N C = @ and int,(C) # @ imply that there exists f € (E,7)" ~ {0}
such that M; = sup{f(z):z € C} < inf{f(z) :x € r}, evenmore f(a) = f(b),
sor C H={zeE: f(z)=f(a)}. Then My < f(a). Since C has the Mackey
(a)-property, for every § > 0 the set S(f,C,¢) is bounded. Consider the set A :=
{a,b}U{z, : n € N}US(f,C,0). Since A is bounded and (E, ) has the sMe¢, there
exists a Banach disk B C F such that A C B and pg|a = 7|4, evenmore if we
make Cp := CN Ep then {y, : n € N} C Cp C Ep and x,, — a respect to pg, so
p5(Yn) — 0o. Then we have that a € D(b, CB)pB but a ¢ D(b,Cp). Note also that
int, (Cp) # 0 and fp := f|r, € (Ep,pp)' ~{0},s0 fp € F(Cp) and fp separates
r and C'g. Hence all the previous construction and observations remains valid in the
Banach space (Ep, pg). If we prove that a € D(b,Cp), which clearly is contained
in D(b,C) we are done. But in these conditions the proof continues exactly as the
rest of proof at this point of Proposition 5 in [13], where pg substitutes ||-||. O

Note that Proposition 1 in [13] has been proved above for Fréchet spaces. Also,
Lemma 2 and Lemma 12 in [13] follow directly being true in the frame of reflexive
Fréchet spaces. Then Remark 2(iii) in [14] can be extended to

Remark 2. Let (E,7) be a reflexive Fréchet space and C C E an unbounded closed
convez subset. Suppose that C' has the Mackey (a)-property and that int(C) # (
then C' contains a ray {c+ Xb: X > 0}. Moreover, for any x € E there is 3 > 0
such that C' contains the ray {x + Ab: X\ > 5}

Theorem 3. Let (E,T) be a reflexive Fréchet space and C C E be an unbounded
closed convex subset. Then the following conditions are equivalent:

a) C has the quasi-drop property

b) int(C) # 0 and C has the Mackey («)-property.

Proof. Assume that C' does not have the quasi drop property. So, there is a closed
set A C E disjoint to C such that for every x € A there is a € A\ {z} satisfying
a € AND(xz,C). Take any point 21 € A. Put d} :=inf{d(a,C) :a € AN D(z1,C)}
and find o € AND(z1, C) such that ds := d(z2,C) < dj+1. Choose {z1,x2, ..., Tpn}
such that x;41 € AN D(z;,C) and z;41 # x; for i = 1,....,.n — 1 and if we make
d; :=inf {d(a,C) : a € AN D(x;,C)} then d; 41 := d(zi41,C) < d;+ 1. Inductively
construct, in this way, a C-stream {z, : n € N} with these characteristics, and
note that (d,), C R is a convergent sequence to some gy > 0. Note that this
C-stream {z, : n € N} does not have any convergent subsequence. In order to see
this, suppose that the C-stream possess convergent subsequences and consider two
cases:
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a) €g = 0. This means that there is a sequence (yy,,), € C such that d(z,,y,) —
0. Let Ay := cvz{x, :n € N}, by the lemma in [18], Ay N C = ( and since
int(C) # 0, there exists f € (E,7)" ~ {0} which separates A; and C. We may
assume that f € F(C). For My :=sup{f(z) : € C}, we have that f(y,) — M.
By the Mackey («)-property, the Kuratwoski’s lemma guarantees the existence of a
subsequence (¥y, )k C (Yn)y which is convergent to some yo € C and f(yo) = Mjy.
Then d(z,,y,) — 0 and since A is closed we get that yo € AN C. This is a
contradiction.

b) If &g > 0 and (x,)y has a convergent subsequence to some z; € AN
N D(z;,C),ie. g € AND(x;,C), for every i € N. Then there exists a € A~ {xo}
ieN
satisfying a € A N D(zo,C) and d(a,C) < d(z,C). Find n € N such that
1 < d(z,C)—d(a,C), then d(zy41,C) > d(xo,C) > d(a,C)+ = > d], + +. Which
is a contradiction. Then the C-stream does not have any convergent subsequence.

Now, by the Remark 2, there exists b € E \ {0} such that for every x € E there
is 8 > 0 such that C contains the ray {x + \b: A > 8}

Let n:=sup {8 : (Bb+ {z,}y) N C = 0}. Note that

hynp+CcC

ii) if nb+ z,, € C, then b+ x,, € C’ for every m > n.

So, for every convex combination Z a;z; where each a; > 0 and Z a; =1, if
=1 =1

nb + Z a;z; € int(C) then

i=1

nb+ Tpy1 € cvx{ (nb—i—Za xz> nb—I—C)} C nt(C).

Which is not possible. Then (nb+ cvz {z, : n € N}) Nint(C) = () and there
exists f € (E,7)" ~ {0} such that

inf {f(nb+x,) :n €N} =M; =sup{f(z):zeC}
By the definition of 7, there exists a sequence (y,, ) € C such that
d(nb + Ty, Yny,) — 0 and f(yn,) — My

Since C has the Mackey («)-property there exists a subsequence (yn,)i C (Yn, )k
which is convergent to some yo € C. Then the sequence (), has a convergent
subsequence. This is a contradiction. O

Recall an (LF)-space (E,T) = ind(E,, T,) is acyclic if and only if for every one
of the Frechet spaces (E,,T,) there is an absolutely convex 0-neighbourhood U,
with

1. U, C Up41, for every n € N

2. for every n € N there is m > n such that all topologies of the Fréchet spaces
(B, 7) for k > m coincides on U,,.

Equivalently (see [28]), the (LF)-space (E,T) = ind(E,,T,) is acyclic if and
only if it is boundedly retractive, that is, for every bounded subset B C FE there
is n € N such that B is contained in FE,, and the topologies 7 and 7,, coincide on
B. Recall acyclic (LF)-spaces appear frecuently in applications on distributions
theory.
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Remark 3. Let (E,7) = ind(E,, T,) be an acyclic (LF)-space, where every (En, )
is a reflexive Fréchet space, so (E,T) is also a reflexive space (see [10], Proposition
11.4.5). Suppose that for every n € N, there is an unbounded and T,,-closed convex
subset C,, C E,, such that C,, C C,+1 and for every n € N there exists k > n such
that C N B, C Cy. Suppose also, that every C,, has the quasi drop property on the
space (En,Tyn), equivalently (by the previous Theorem), suppose every C,, has the
Mackey (a)-property and int,, (Cy) # 0. Then C = |J C,, C E is such that
neN

i) CNE, has non empty T, -interior, for every n € N, since C,, C CNE,,. Then
int(C) # 0 and in an analogous way C is an T-closed conver unbounded subset of
(B, 7).

it) Let f € (E,7)" be such that f € F(C) and (g;)ien be a sequence of positive
numbers such that e; — 0. By Proposition 2, the slice S(f,C,e1) is bounded in
(E,T), which is boundedly retractive. So, there exists ng € N such that S(f,C,e1)
is contained and bounded in (Ey,,Tn,), even more T |5(f,c,5) = Th, |S(f,c,a) Note
flEn is Tp-continuous and f € F(C,) for every n € N. On the other hand, there
exists k > ng such that S(f,C,e1) C CNE,, C Cx. Since Cy, has the Mackey
(a)-property, there exists D C Ey, a Banach disk such that ap(S(f,Ck,e;)) — 0 if
i — o00. But S(f,C,e;) C S(f,Ck,¢e;), then ap(S(f,C,e;)) — 0 ifi — co. And C
has the Mackey («)-property.

i11) Under these assumptions on the (LF')-space (E,T) and the subset C C E, for
every b € EX C the set D(b,C) is T-sequentially closed. It follows from proposition
4 and the sequential retractivity of the acyclic (LF)-space (E,T).

In order to see that C has the quasi drop property, based on the same hypothesis
and the previous observations (i,ii,iii), suppose that C' does not have the quasi drop
property. Then there exists a 7-closed subset A C E such that for every x € A there
is a € A~ {z} such that a € AN D(z,C). So, construct a stream in the following
way, take any 1 € Ay := ANE}, then there exists a; € A, \ {z1} for some n} such
that a1 € A, ND(x1,C) := (ANE, )ND(z1,C). But D(z1, C)NE,, C D(z1,Cy,)
for some ny > n} then a1 # x is such that ay € A,, N D(x1,Cy,). Since C,,, has
the quasi drop property in (E,,,Tn,), there exists o € A,,, = AN E,, such that
{Z’Q} = {Anl n D((El, C)} n D(CL’Q, Cn1) C AN D(.’El, C)

In this way, form a stream {xz,, : n € N} C A such that there exists a sequence of
natural numbers (n;);eny with z,41 € A,,, := AN E,, , another sequence (a;);en €
A such that for every ¢ € N, a; # z; and a; € A,, N D(x;,C,,). Even more,
{zit1} = (An, N D(2i,C)) N D(@is1, Cp,).

Theorem 4. Let (E,7) = ind(Ey, Ty) be a reflexive acyclic (LF)-space and C =

U C, both as in remark 3. Then C satifies quasi drop property, Mackey (a)-
neN
property and int.C # ().

Proof. On the basis of the proof of previous theorem 3. For every n € N, consider
a metric d,, on the space E, which defines the topology 7,. Suppose that C does
not have the quasi drop property and construct a C-stream in the following way,
take again a 7-closed set A such that for every x € A there is a € A~ {z} such that
a € AN D(z,C). Take any point z1 € A, we may assume z; € A1 = AN FE;. Let
pp = inf{di(a,C) :a € A1 N D(x1,C)}. Then find x2 € A3 N D(z1,C) such that
po = da(xe,C) < p; + 1. Then, let p; := inf {ds(a,C) : a € Ay N D(z2,C)}. Find
z3 € A3 N D(z2,C) such that pg := ds(z3,C) < {p; + %,p5 + 3 }. Follow in this
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way to obtain {x1, 22,23, - -, 2y} such that z;41 € A;11 N D(x;, C) with ;41 # x;
for every i = 1,---,n — 1, and p; := inf {d;(a,C) : a € A; N D(z;,C)}. Then, find
Tni1 € Apgr N D(zy,C) such that p, = dpy1(@p41,0) < {p; + %}7:1 Note
that this stream (x,,),en does not have convergent subsequences. If the stream has
any convergent subsequence (zp, )ren C (Tn)nen, by the sequential retractivity of
the (LF)-space (F,T), there exists ng € N such that (z,, )ren is contained in E,,
and it is 7,,-convergent. So, it is exactly the same situation of cases (a) or (b) in
the previous theorem. Then it is not possible and the C-stream does not have any
convergent subsequence.

By the previous theorem, for every n € N the set ), contains a ray and also by
remark 2, C' contains a ray, too.

Let n:=sup {8 : (Bb+ {z,};) N C = 0}. Note that

iynmp+CcCC

ii) if nb+ z,, € C, then nb + x,,, € C for every m > n.

Then in analogous way to the previous theorem (nb + cvzx {x,, : n € N})Nint(C) =
() and there exists f € (E,7)" \ {0} such that

inf {f(nb+x,) :n e N} = My =sup{f(z):z e C}
By the definition of 7, there exists a sequence (yn, ) € C such that
(b + Tn,) = Y, — 0 and f(yn,) — My

Since C has the Mackey («)-property there exists a subsequence (yn,)i C (Yn, )k
which is convergent to some yo € C. Then the sequence (z,), has a convergent
subsequence. This is a contradiction. ([l

REFERENCES

[1] L.X. Cheng, Y.C. Zhou, F. Zhang, Danes’ drop theorem in locally convex spaces, Proc. Amer.
Math. Soc. 124 (1996) 3699-3702

[2] J. Danes, A geometric theorem useful in nonlinear functional analysis, Boll. Un. Mat. Ital. 6
(1972) 369-372

[3] M. Frigon, On some generalizations of Ekeland’s principle and inward contractions in gauge
spaces, J. Fized Point Theory Appl. 10 (2011) 279-298

[4] A. Garcia, Quasi drop properties, (a)-properties and the strict Mackey convergence, Sci.
Math. Jap. 78 No.3 (2015) 243-249

[5] A. Garcia, On quasi drop property of unbounded sets in Fréchet spaces, Sci. Math. Jap. 81
No.2 (2018) 195-202

[6] J.R. Giles, D.N. Kutzarova, Characterization of drop and weak drop properties for closed
bounded convex sets, Bull. Austral. Math. Soc. Vol.43 (1991) 377-385

[7] J.R. Giles, B. Sims, A.C. Yorke, On the drop and weak drop properties for a Banach space,
Bull. Austral. Math. Soc. Vol.41 (1990) 503-507

[8] T.E. Gilsdorf. Boundedly compatible webs and strict Mackey convergence. Math. Nachr.

Vol.159 (1992) 139-147

| A. Grothendieck, Sur les espaces (F) et (LF'), Summa Brasil. Math. 3 (1954) 57-122

] H. Jarchow, Locally Convex Spaces, B.G. Teubner, Stuttgart, 1981

] C. Kuratowski, Sur les espaces complets, Fund. Math. 15 (1930), 301-309

] D.N. Kutzarova, On the drop property of convex sets in Banach spaces, in: Constructive

Theory of Functions ’87, Sofia, 1988, 283-287

[13] D.N. Kutzarova, S. Rolewicz, On drop property for convex sets, Arch. Math. Vol.56 (1991)
501-511

[14] P.K. Lin, X. Yu, The weak drop property on closed convex sets, J. Austral. Math. Soc. (Series
A) 56 (1994) 125-130

[15] I. Meghea, Ekeland variational principles with generalizations and variants. Archives Con-
temporaines, 2009



10

ARMANDO GARCIA

[16] 1. Monterde, V. Montesinos, Drop property on locally convex spaces, Studia Math. 185 (2)

(2008) 143-149

[17] 1. Monterde, V. Montesinos, Property («) on locally convex spaces. J. Convex Anal. Vol. 25

(2018) No. 3, 1013-1017

[18] V. Montesinos, Drop property equals reflexivity, Studia Math. T. LXXXVII (1987) 93-100
[19] V. Montesinos, A note on drop property of unbounded sets, Arch. Math., vol.57, 606-608

(1991)

[20] P. Pérez-Carreras, J. Bonet, Barreled Locally Convex Spaces, North-Holland, Amsterdam,

1987

1] J.H. Qiu, Local completeness and drop property, J. Math. Anal. Appl. 266 (2002) 288-297
2] J.H. Qiu, On the quasi-weak drop property, Studia Math. 151 (2) (2002) 187-194

(23] J.H. Qiu, On weak drop property and quasi-weak drop property, Studia Math. 156 (2) (2003)

189-202

[24] J.H. Qiu, Weak countable compactness implies quasi-weak drop property, Studia. Math. 162

(2) (2004) 175-182

[25] J.H. Qiu, Local completeness, drop theorem and Ekeland’s variational principle, J. Math.

[29]

[30]

S/N

Anal. Appl. 311 (2005) 23-39

6] S. Rolewicz, On drop property, Studia Math., T. LXXXV (1987) 27-35.
[27] W. Rudin, Functional Analysis, Ed. Reverté, S.A., Barcelona 2002
8] J. Wengenroth, Acyclic inductive spectra of Fréchet spaces, Studia Math. Vol.120 (3) 1996,

247-258

S. Wulede, W. Ha, A new class of Banach space with the drop property, Proc. Royal Soc.
Edinburgh Sec. A: Mathematics, Vol.142, 1 (2012) 215-224

X.Y. Zheng, Drop theorem in topological vector spaces, Chinese Anal. Math. Ser. A 21 (2000)
141-148

Facurtap DE EcONOMIA, UNIVERSIDAD AUTONOMA DE SAN Luis PoTosf. AVENIDA PINTORES
LADO PONIENTE PARQUE JUAN H. SANCHEZ, BUROCRATAS DEL EDO. SAN Luis PoTosi, SLP,

C.P. 78213 MEXICO.

E-mail address: gama.slp@gmail.com



